C1.

C2.

Solutions to the Olympiad Cayley Paper

A train travelling at constant speed takes five seconds to pass completely through a
tunnel which is 85 m long, and eight seconds to pass completely through a second tunnel
which is 160 m long. What is the speed of the train?

Solution
Let the train have lengthmetres.

When the train passes completely through the tunnel, it travels the length of the tunnel
plus its own length.

Therefore the first fact tells us that the train tra®8ls- | metres in five seconds, and

the second fact tells us that it travé® + | metres in eight seconds.

By subtraction, we see that the train travels a distan@0f |) — (85+ |) metres in
8- 5secondsthat is, it travels 75 metres in 3 seconds, which corresponds to a speed of
25 m/s

The integers, b, ¢, d, e, f andg, none of which is negative, satisfy the following five
simultaneous equations:

a+b+c

b+c+d

c+d+e-=
d+e+f
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e+f+g

What is the maximum possible valueso b + ¢ + d + e + f + g?

Solution
All the equations are satisfied whan= d = g = 2andb = c =e=f = 0.In
that case we have
2+0+0+2+0+0+2

= 6.
Therefore the maximum possible valueof b + ¢ + d + e + f + gis at least 6.
However, from the first and fourth equations we obtain

a+b+c+d+e+f+g

a+b+c+d+e+f+g=(@+b+cp+d+e+f)+g
=2+2+¢g

=4+0

But the fifth equation ie + f + g = 2 and the integers andf are non-negative, so
thatg is at most 2. Thué + gcannot exceed 6, andthaisr b + c+d + e+ f + ¢
cannot exceed 6.

Hence the maximum possible valueaot b + ¢ + d + e + f + gisindeed 6.

Remark
It is possible to use the same method but with different equations in the second part.



C3. Four straight lines intersect as shown.

Whatisthevaluegh + g +r + s?

Solution
We present two of the many possible methods of solving this problem.
Method1

We start by using ‘angles on a straight line add ul865’ to mark on the diagram three
supplementary angles.

Now we know two of the interior angles in the shaded triangle, and hence can use ‘an
exterior angle of a triangle is the sum of the two interior opposite angles’ to obtain
a=(180-p +(180-qg)=360-p -0

We now have expressions for two of the interior angles of the triangle shown shaded in
the next figure.

Therefore, once again using ‘an exterior angle of a triangle is the sum of the two interior
opposite angles’, we obtain
s=@B60-p-q + (180 - ),

which we may rearrange to gipe+ q + r + s = 540.



Method?2

We start by using ‘an exterior angle of a triangle is the sum of the two interior opposite
angles’ in the two triangles shown shaded in the following figure.

We obtairs = 5 + g andp = p1 + P
Now we notice that we have a pair of angles together at each of three points, so we use
‘angles on a straight line add up to 180°’ three times to get

p. + g = 180
r+s = 180

and p: + & = 180.

Adding these three results together, we olggair q + r + s; + p2 + S = 540, from
which it follows thatp + q + r + s = 540.



C4. Ten balls, each coloured green, red or blue, are placed in a bag. Ten more balls, each
coloured green, red or blue, are placed in a second bag.

In one of the bags there are at least seven blue balls and in the other bag there are at least
four red balls. Overall there are half as many green balls as there are blue balls.

Prove that the total number of red balls in both bags is equal to either the total number of
blue balls in both bags or the total number of green balls in both bags.

Solution

Letr, g andb respectively be the numbers of red, green and blue balls that there are in
total. From the given information, it follows that> 7andr > 4. We also know that

b = 2g. Since the total number of balls is 20, we hawveg + b = 20. Replacingb by

29, we see that

r =20 - 3g. (1)
We now consider possible valuesgah turn.
CaseA: g< 3

In this cas€g < 6, so thab < 6 becausdé = 2g. But 6 is less than the
specified minimum number of blue balls. o< 3is not possible.

CaseB: g=4

In this casd = 8 becaus®é = 2g, andr = 8 from equation (1). Therefore
the total number of red balls is equal to the total number of blue balls.

CaseC: g=5

In this case = 5from equation (1), and = 10. Therefore the total number
of red balls is equal to the total number of green balls.

CaseD: g=> 6
In this cas€0 — 3g < 2 from equation (1). Thus < 2, which is less than
the specified minimum number of red balls.g& 6 is not possible.

Hence in all possible cases the numbers of balls are as we want.



C5. The diagram shows a right-angled triangle and three circles.
Each side of the triangle is a diameter of one of the circles. Th
shaded regioR is the region inside the two smaller circles but
outside the largest circle.

Prove that the area Bfis equal to the area of the triangle. w

Solution

LetT be the area of the triangle, Btbe the area of the semicircle whose diameter is the
hypotenuse, and I& and$; be the areas of the two semicircles with the shorter sides of
the triangle as diameters.

We can view the region in the figure above the hypotenuse in two different ways: either
as a semicircle with diameter the hypotenuse plus the shadedRegioas the triangle

plus the two smaller semicircles. This gives us the equation

(areaofR) + S =T +S + S, (5]

Let the hypotenuse of the triangle have leroglimd let the shorter sides have lengths
andb. Then the semicircles on those sides have $adiia andib respectively. Hence

the areas of the semicircles &e- inc% S = gna’andS; = gnb? respectively. But
a2 + b = c2by Pythagoras' Theorem, so that we have

S =5+ 2

Subtracting equation (2) from equation (1) giveanes oR = T, which is what we
needed.




C6. | have four identical black beads and four identical white beads.

Carefully explain how many different bracelets | can make using all the beads.

Solution

Firstly, we note the importance of the fact that we are dealing with bracelets: a bracelet
can be turned over, as well as turned round. This means that the bracelets shown in the
following figures arenotcounted as different.

RN

We need to deal with the possibilities in a systematic fashion, to ensure that we count
everything.
Our first step is to consider the runs of consecutive black beads. There are five
possibilities: 43 + 1,2 + 2,2 + 1 + 1andl + 1 + 1 + 1. Here the notatioB + 1,
for example, means that there is a run of three consecutive black beads and a separate
run of just one black bead. We consider each case in turn.
Case A: 4
In this case there is only one gap for the white beads, so the four white beads
are also consecutive. Just one bracelet is possible, as shown in Figure 1.
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Figure 1 Figure 2 Figure 3 Figure 4 Figure 5 Figure 6 Figure 7 Figure 8

CaseB: 3 +1

In this case there are two gaps for the white beads, so there are two
possibilities for consecutive runs of white beals: 1 or2 + 2. Therefore
two bracelets are possible, shown in Figure 2 and Figure 3.

CaseC: 2+ 2

Once again there are two gaps for the white beads, so there are two
possibilities for consecutive runs of white bea®ls: 1 or2 + 2. Therefore
two bracelets are possible, shown in Figure 4 and Figure 5.

CaseD: 2+1+1
In this case there are three gaps for the white beads. So there is only one
possibility for consecutive runs of white beads: 2 + 1 + 1. However, two
bracelets are possible, shown in Figure 6 and Figure 7, depending on whether
the group of two black beads is adjacent to the group of two white beads, or
not.

CaseE: 1+1+1+1
Now there are four gaps for the white beads. So there is only one possibility
for consecutive runs of white beads+ 1 + 1 + 1. So only one bracelet is
possible, shown in Figure 8.

Therefore exactly eight different bracelets can be made.



